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A lattice structure deformation mechanism based theoretical model is developed to predict the dynamic
response of square lattice sandwich plates under impulsive loading. The analytical model is established
on the basis of the three-stage framework proposed by Fleck and Deshpande (2004). In the ﬁrst stage, the
impulse transmitted from air shock loading to the sandwich plates by ﬂuid-structure interaction is ana-
lytically calculated. The lattice core suffers non-uniform compression in the second stage due to the
clamped boundary conditions. The structure deformation mechanism is introduced in the lattice core
compression and the analytical nominal stress–strain curve of core compression accords well with pre-
vious experimental results. In the ﬁnal stage, the sandwich plate is analyzed as a continuum plate with
non-uniform thickness deduced by inconsistent deformation of the front and back sheets.
The experiment results of square metallic sandwich plates with tetrahedral lattice core are presented
and compared with analytical prediction to validate the theoretical model. Good agreements are found
between the predicted and testing results for both the impulse transmitted to the sandwich plates and
the maximum deﬂection of the back face sheet.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Lattice sandwich structures have attracted broad interest due to
their excellent energy absorption capability under impulsive load-
ing. Compared with conventional monolayer plate, the sandwich
structures have more diverse energy dissipation mechanisms, such
as bending and stretching of the face sheet, compression and shear
of the core. Besides, the sandwich plates acquire less momentum
compared to that acquired by the solid plate under same condi-
tions due to beneﬁcial ﬂuid-structure interactions, and the voids
in the lattice core can provide adequate space for the core to dissi-
pate the acquired energy by large plastic deformation (Evans et al.,
1998; Xue and Hutchinson, 2003, 2004; Fleck and Deshpande,
2004; Hutchinson and Xue, 2005; Vaziri and Hutchinson, 2007;
Wadley et al., 2007).
Experiment investigations and theoretical studies on lattice
sandwich structure under impulsive loading have been carried out
by numerous researchers. In recent experimental investigations,
McShane et al. (2006, 2007) used the impact of metal foam projec-
tile to substitute the expensive and destructive blast experiment,ll rights reserved.
ngineering Mechanics, AML,
x: +86 10 62772923.
ang).and measured the impulsive resistance of steel square honeycomb
and rectangular lattice sandwich structure. Wadley et al. (2007)
performed the underwater explosion experiment of steel square
honeycomb sandwich structure and investigated the signiﬁcant
reductions of impulse transmitted to the structure in the ﬂuid-
structure interaction combined by computational simulation. Sub-
sequently, Wadley et al. (2008) carried out the underwater explo-
sion experiment of rectangular pyramid lattice sandwich
structure. Mori et al. (2007) compared steel square honeycomb
and pyramidal truss core sandwich plate with same core relative
densities under underwater blasts, and they found the two core
structures underwent similar back face deﬂections. Dharmasena
et al. (2008) and Zhu et al. (2008) tested the dynamic response of
square honeycomb sandwich plate made of stainless steel and
hexagonal honeycomb sandwich plate made of aluminum alloy un-
der explosion in the air, respectively. Cui et al. (2012) tested square
aluminum alloy sandwich plate with tetrahedral lattice cores and
the experiment results indicated the maximum transverse deﬂec-
tions of the tetrahedral lattice sandwich plates are smaller than that
of hexagonal honeycomb ones with identical parent materials and
core relative density (Zhu et al., 2008).
Theoretically, it is considerably difﬁcult to establish an accurate
model to predict the dynamic response of lattice sandwich struc-
Nomenclature
Notation
Ef ; v f ; rYf Young’s modulus, Poisson’s ratio and yield stress of
the face sheet
hf, qf, mf thickness, density and mass of the face sheet
Ec; vc; rYc eYc ; cc; qc Young’s modulus, Poisson’s ratio, yield
stress, yield strain, elastic wave speed and density of
the solid materials of the lattice core
r^c; e^c; De^c nominal stress, strain and strain increment of the lat-
tice core
hc; qc; mc thickness, relative density and mass of the lattice core
l, b, h length, width and thickness of the struts in the lattice
core
L half length of the lattice core
p0, q0, t0 overpressure, peak density and decay period of the
shock wave
Z scaled distance
R distance from the measure point to the explosion center
Mc equivalent TNT weight
pA, qA, cA ambient atmospheric pressure, density and sound speed
cs speed of the shock front
pR, CR peak overpressure and pressure reﬂection coefﬁcient
cR ratio deﬁned by Eq. (6)
Ia momentum transmitted to unit area
ts, bs characteristic time of the ﬂuid structure interaction and
ratio of time scales
fR coefﬁcient deﬁned by Eq. (8)
I total momentum transmitted to the sandwich plate
VI, KI initial velocity and kinetic energy of the front face sheet
VII, WII velocity and displacement of the front face sheet at the
end of Stage II
WoII; W
o
II displacement of the front face sheet center at the end of
Stage II and its non-dimensional form
VoII velocity of the front face sheet center at the end of
Stage II
x, y coordinates deﬁned in Fig. 4
UlostII kinetic energy loss in Stage II
l ratio of core mass to face sheet mass
Uc energy dissipated by core compression
v imposed velocity
‘‘  ’’ partial differentiation with respect to time
‘‘0’’ partial differentiation with respect to space coordinates
rYdc nominal reaction stress of the column
f function deﬁned by Eq. (17)
h1, h2, /1, /2 rotation angles deﬁned in Fig. 5
Mi bending moment of strut-i (see Fig. 5), i = 1, 2
P, P force applied on the unit cell and its non-dimensional
form
D compression displacement of the unit cell
MPi, NPi fully plastic moment and force of strut-i, i = 1, 2
kðDe^cÞ coefﬁcient deﬁned by Eq. (22)
ðe^cÞII ; ðr^cÞII nominal stress and strain of the lattice core at the
end of Step II
e^Dc nominal densiﬁcation strain of the lattice core
hc; hf non-dimensional lattice core and face sheet thickness
a1, a2 a1 is deﬁned by Eq. (18) and a2 is deﬁned by Eq. (27)
m, pf mass and transverse pressure per unit surface area of
the plate
w, w transverse deﬂection and its non-dimensional form
M, N bending moments and membrane forces per unit length
h relative angular rotation across a hinge line
ln, n length and number of plastic hinge-lines
wo transverse deﬂection at the center of the plate
M0, N0 plastic bending moment and membrane force
Wo; Wo maximum deﬂection and its non-dimensional form
T; T structural response time and its non-dimensional form
b1, b2 parameters deﬁned by Eq. (38)
Di internal energy dissipation rate per unit length of the ith
hinge
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Fleck and Deshpande (2004) divided the response of the sandwich
structure into three sequential stages: (I) ﬂuid-structure interac-
tion phase; (II) core compression phase; and (III) plate bending
and stretching phase, and they proposed an analytical model to
predict the dynamic response of the clamped sandwich beam un-
der impulsive loading. Based on the three-stage framework, stud-
ies on impulsive resistance of lattice sandwich structures were
performed by many researchers (Qiu et al., 2004; Liang et al.,
2007; McMeeking et al., 2008; Deshpande et al., 2009; Zhu et al.,
2010). Hutchinson and Xue (2005) extended and modiﬁed the
three-stage framework to optimize metal sandwich plates under
pressure impulses, and they discussed the requirements for core
crushing strength and energy absorption. Xue et al. (2005) pro-
posed a constitutive model for the elastic–plastic behavior of plas-
tically compressible orthotropic materials and applied this model
to metal core structure in sandwich plates subject to quasi-static
and dynamic loads. Vaziri and Xue (2007) studied the quasistatic
and dynamic mechanical behavior of folded plate and pyramidal
truss metal cores, and employed the constitutive model (Xue
et al., 2005) to study the quasistatic and dynamic structural re-
sponse of sandwich plates with these large scale folded metal
cores. It should be noticed that, in the previous studies, the defor-
mation mechanism of the core structure was ignored, and the
sandwich core was treated as an equivalent continuummedia. This
assumption is adequately accurate in predicting the dynamicbehavior of sandwich structures for foams and some two-dimen-
sional lattices. Nevertheless, three-dimensional pyramid lattice
exhibits complex localized deformation modes at high strain rates,
because of the inertia associated to the bending and buckling of
truss struts (Lee et al., 2006; Tang et al., 2007). Therefore, the
deformation response of lattice core structure must be considered
in the compression of the pyramid lattice cores.
In this study, a theoretical model is developed to predict the
dynamic response of the tetrahedral lattice sandwich structure,
with the lattice structure deformation being included. The analyti-
cal model is then validated by comparing with experimental
results. The outline of this paper is as follows. First, the air blast
experiment of lattice sandwich structure is brieﬂy reviewed in
Section 2, which is detailed described and analyzed by Cui et al.
(2012). Subsequently, the analytical model is illustrated in Section
3, and the theoretical predictions of transmitted impulsive in the
sandwich structure and maximum deﬂection of back face sheet
are compared with experiment results. Finally, some general con-
clusions are summarized in Section 4.2. Experiment
The air blast experiment and results are brieﬂy presented in this
section, and the detailed description and analysis can be seen in
Cui et al. (2012).
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Fig. 1. Triangular lattice sandwich plate design for air blast tests: (a) unit cell of
lattice sandwich structure; (b) sandwich plate.
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Three-dimensional metal lattice sandwich structure, which is
fabricated by sheet perforation and node folding method, has been
tested in this experiment. The face sheets were made of Al-2024-O
aluminum alloy, and its mechanical properties are as follows:
Young’s modulus Ef = 72.4 GPa, Poisson’s ratio vf = 0.33, and yield
stress rYf ¼ 75:8 MPa. The lattice core were made of Al-5052-H39
aluminum alloy, and its mechanical properties are as follows:
Young’s modulus Ec = 70 GPa, Poisson’s ratio vc = 0.33, and yield
stress rYc ¼ 265 MPa. The density of the face sheets is the same
as the density of the core, i.e., qc = qf = 2700 kg/m3.Fig. 2. Photograph of the four-cabThe design of the lattice is shown in Fig. 1. The thickness of the
face sheets and the core are hf = 1 mm and hc = 12.5 mm, respec-
tively. The lattice is a regular tetrahedron composed of three struts,
with a length of l = 15.3 mm, a width of b = 2 mm and a thickness of
h = 1 mm. The predicted relative density is given by
qc ¼ 3
ﬃﬃﬃ
2
p
bh
l2
¼ 0:036: ð1Þ
The side length of the square sandwich plate is 310 mm, but the
side length of the lattice core is 2L = 250 mm. The rest part of the
core was ﬁlled with solid metal material to protect the specimen
from collapse when clamping.
2.2. Set-up
The experiment was performed on a four-cable ballistic pendu-
lum system, which has been adopted by Zhu et al. (2008) for small
explosive loading studies. A similar pendulum has been employed
by Nurick and Martin for explosive experiment (1984, 1989a,b). A
photograph of the pendulum system is shown in Fig. 2. The sand-
wich plate was clamped between two rectangular steel frames,
which were ﬁxed at the front of the pendulum. The TNT charge
was placed in front of the specimen center with a constant stand-
off distance of 200 mm. The impulse transmitted to the pendulum
front face can be calculated according to the oscillation period of
the pendulum, whose oscillation amplitude was measured by a
laser displacement transducer and recorded by an oscilloscope.
2.3. Experimental results
Both quantitative back face deﬂection and qualitative deforma-
tion modes of interest can be derived by this experiment. The front
face sheet exhibits a large global deformation and local concave–
convex deformation, while the back face sheet only experiences a
global deformation except under large enough impulse. The center
of the lattice core is densiﬁed completely, while the clamped edges
are deformation free. The establishment of theoretical model is
based on these deformation patterns. The measured back face
deﬂections are employed in next section to validate the analytical
model.
The tested maximum deﬂection of back face sheet of tetrahedral
lattice sandwich plate is compared with theoretical prediction in
Section 3.le ballistic pendulum system.
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Fig. 3. Comparison of the predicted impulse transmitted to the front face sheet
with the experimental results.
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Fleck and Deshpande (2004) divided the response of the sand-
wich structure into three sequential stages: (I) ﬂuid-structure
interaction phase; (II) core compression phase; and (III) plate
bending and stretching phase. Based on this three-stage frame-
work, they proposed an analytical model to predict the dynamic
response of clamped sandwich beam. The three-stage analysis
frame is also employed in our model. In the ﬂuid-structure interac-
tion stage, the air explosion model developed by Kambouchev et al.
(2006) is adopted to calculate the transmitted impulse. In the core
compression stage, non-uniform core compression and the defor-
mation of front face sheet are considered. The compression of the
lattice core is characterized by a structure-based model. Conse-
quently, the deformed sandwich structure is analyzed as a plate
with non-uniform thickness in the ﬁnal stage.
3.1. Stage I: The initial ﬂuid-structure interaction phase
The explosion of TNT charge in air can create a shock wave with
discontinuities pressure, density, temperature and velocity. The
overpressure equation derived by Sadovsky according to the theory
of similarity law is employed to calculate the peak pressure of the
shock wave in our analysis (Henrych, 1979), i.e.,
p0 ¼
1:07=Z3  0:1; Z 6 1;
0:076=Z þ 0:255=Z2 þ 0:65=Z3; 1 < Z 6 15
(
; ð2Þ
where the scaled distance is Z ¼ R=M1=3c .
The interaction of the air shock wave with sandwich structure is
analyzed by using the model proposed by Kambouchev et al.
(2006). The ambient atmospheric sound speed is cA ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1:4pA=qA
p
.
The peak density, q0, just behind the shock in the incident wave is
q0
qA
¼ 7þ 6ðp0=pAÞ
7þ ðp0=pAÞ
ð3Þ
and the speed of the shock front, cs, is
cs
cA
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6p0
7pA
þ 1
s
; ð4Þ
when the incident wave is reﬂected from a rigid surface, the peak
overpressure, pR, is given by
pR
p0
¼ 27þ 4ðp0=pAÞ
7þ ðp0=pAÞ
 CR: ð5Þ
CR ﬃ 2 for small p0/pA, while CR? 8 for p0/pA 1. The momentum
transmitted to unit area Ia is
Ia
p0t0
¼ 8 42pA
p0
ln 1þ p0
7pA
 
 cR ð6Þ
for rigid surface, and
Ia
p0t0
¼ cR
CRfR
cR
  bs
1þbs
b
bs
1bs
s ð7Þ
for plates with ﬁnite mass/area, where the ratio of time scales is
bs = t0/ts; the characteristic time of the ﬂuid structure interaction
is ts = (qfhf)/(q0cs) and the coefﬁcient is
fR ¼ 6p07pA
þ 7
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð6þ CRÞðp0=pAÞ þ 7
ðp0=pA þ 7Þðð1þ 6CRÞðp0=pAÞ þ 7ÞðCRðp0=pAÞ þ 7Þ
s
:
ð8Þ
By combining Eqs. (2)–(5), (and) (7), themomentum per unit area, Ia,
transmitted to the front face sheet of the lattice sandwich structurecan be obtained. The total momentum transmitted to the front face
sheet can be derived by integrating Ia in the front face sheet, i.e.,
I ¼ 4
Z L
0
Z L
0
Iadxdy: ð9Þ
The predicted impulse is compared with testing results, as shown in
Fig. 3. Good agreement is found between analytical prediction and
experimental results.
At the end of this stage, the front face sheet obtains an initial
velocity from the transmitted impulse,
V I ¼ Imf : ð10Þ
Correspondingly, the kinetic energy of the front face sheet is
obtained by
K I ¼ I
2
2mf
: ð11Þ3.2. Stage II: Deformation of the front face sheet and crushing of the
lattice core
The ﬁnal deformation of the square sandwich plate indicates
that non-uniform compression occurs in the lattice core (Sec-
tion 2.1, (Dharmasena et al., 2008; Zhu et al., 2008)). The front face
sheet underwent large plastic deformation in this stage. The defor-
mation of the back face is ignored considering its relative small
magnitude. At the end of this stage, the displacement of the front
face has an assumed proﬁle, as shown Fig. 4. The corresponding
transverse displacement ﬁeld is
W II ¼
WoII 1 jxjL
 
; in P1; P2
WoII 1 jyjL
 
; in P3; P4
8><
>: : ð12Þ
The common velocity is assumed to have the same proﬁle as the
displacement at the end of Stage II. The velocity ﬁeld is given by
V II ¼
VoII 1 jxjL
 
; in P1; P2
VoII 1 jyjL
 
; in P3; P4
8><
>: : ð13Þ
This assumed proﬁle, which has a shape similar to the correspond-
ing static collapse ﬁeld, is used in the approximate theoretical pro-
cedure of Jones (1971). Although the deformed proﬁles of the plates
loaded dynamically are different to those loaded statically, this
assumption provides a good approximation of the ﬁnal deﬂection.
Δ2φ
1θ
2θ
1φ
(a) (b)
Fig. 5. (a) Unit cell of the triangular lattice; (b) Collapse mechanism of the struts in
a unit cell.
Fig. 4. Displacement proﬁle of the front face sheet at the end of Stage II.
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proved to be powerful and have been used widely in the estimate
of permanent deﬂection.
Based on the approximate theoretical procedure of Jones
(1971), which is described in detail in Appendix A, the velocity at
the center of the plate can be estimated by
VoII ¼
2I
3mf þmc : ð14Þ
A brief derivation of VoII is provided in Appendix B.
In energy analysis, the deformation of the front face sheet and
lattice core dissipate the kinetic energy loss UlostII , which can be
written as
UlostII ¼
3l2 þ 16lþ 23
6ð3þ lÞ2
I2
mf
: ð15Þ
Compared with the energy dissipated by the lattice core, the energy
dissipated by the front and back face sheet can be neglected. There-
fore, only the contribution of the lattice core compression is consid-
ered here, the energy balance equation becomes
UlostII ¼ Uc: ð16Þ
Under high velocity impact, the compression of the lattice core
exhibits a widely different deformation mode with the quasi-static
compression (Lee et al., 2006). Plastic buckling occurs in the truss
struts at small nominal strain for the quasi-static case. However,
under dynamic loading, the truss struts are signiﬁcantly stabilized
by lateral inertia, delaying buckling and loss of load carrying capa-
bility to relatively large overall plastic strains. Therefore, the plastic
buckling of the truss struts initiate when the nominal strain reaches
more than 20% under high-velocity impact (Vaughn et al., 2005).
The plastic buckling results in the sudden decrease of the nominal
stress of the truss cell. The buckling further develops until the buck-
ling struts contact with the face sheet. When the compression
reaches a certain nominal strain, the face sheet starts to contact
with the deformed struts and the stress increase rapidly after the
ﬁrst contact. The subsequent deformation process becomes more
complicated and multiple bucklings and contacts occur until the
lattice is densiﬁed. Accordingly, the compression of pyramid core
can be divided into three steps: step I is the axial compression of
struts before buckling; step II is the plastic buckling of the struts be-
fore the ﬁrst contact of buckling struts with face sheet; step III is the
following densiﬁcation of the pyramid core, where the multiplebucklings and contacts are neglected, and this step is considered
as a linear hardening process. The compression model of pyramid
core is proposed according to this three-step deformation
mechanism.
3.2.1. Step I: Axial compression of struts
This is the ﬁrst step of core compression, where only axial com-
pression of the struts is considered and no buckling happens in this
step. The previous researches on dynamic plastic buckling of col-
umns indicate that beyond certain loading rate, the initial stages
of the deformation are dominated by the propagation of a plastic
axial wave along the column and plastic buckling is resisted by lat-
eral inertia. Overall compressive strains of 20% or more can be
achieved before appreciable buckling deﬂections occur (Abrahams
and Goodier, 1966; Johnson and Reid, 1978; Karagiozova and Jones,
1996). Recently, Vaughn et al. (2005) introduced a dimensionless
parameter v= eYc cc
 
to gauge whether coupled plastic wave propa-
gation and lateral buckling occurs in columns with the ends expe-
riencing a relative velocity v. For a speciﬁc material in the range of
imposed velocities satisfying v= eYc cc
 
> 5 and for overall strains
from roughly 5% to 20%, the nominal reaction stress of the column
has the form
rYdc ¼ rYc f
v
eYc cc
;
v
l _ec
 
; ð17Þ
where f is an unknown function that requires experimental mea-
surement, ﬁnite element simulation or further theoretical investiga-
tion to determine.
In the present analysis, the core material is treated as an ideally
elastic–plastic material, and the nominal critical buckling strain is
assumed to be 20% under the intensive air blast loading. According
to Eq. (17) and the simulation results of Vaughn et al. (2005), the
nominal reaction stress of the tetrahedral lattice core before plastic
buckling can be written as
r^c ¼ 23 qcr
Yd
c ; ð18Þ
where rYdc ¼ rYc ð1þ a1Þ and a1 ¼ v= 10eYc cc
 
. It should be notice
that the elastic deformation is neglected in this analysis.
3.2.2. Step II: Plastic buckling of struts
When the nominal compressive strain of the lattice core exceeds
the critical buckling strain, the struts initiate plastic buckling.
Under high strain rate compression, only one plastic hinge emerges
in the middle part of each strut simultaneously and it prefers locat-
ing close to the front face sheet rather than the middle point of the
strut (Lee et al., 2006). Based on experimental measurement, it is
estimated that the middle plastic hinge occurs at the location with
1/4 length of the strut from the joint at the front face sheet. The
plastic buckling modes of the struts in a unit cell are sketched in
Fig. 5, and there are totally 9 plastic hinges formed in each unit cell.
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Fig. 6. Stress–strain curves of theoretical prediction, experimental result and
numerical simulation for pyramid lattice core under gas gun loading (9126 s1). The
experimental results and numerical simulations are derived by Lee et al. (2006).
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core is in light of the compression analysis of planar lattice by
Qiu et al. (2009). As shown in Fig. 5, the rotation of struts around
the plastic hinges occurs in plane ABC or the plane parallel to it,
due to the rectangular cross section of the struts and the deforma-
tion compatibility. Hence, the rotations of strut-2 and strut-3
(shown in Fig. 5a) are substituted by AC in the rotation angle anal-
ysis shown in Fig. 5b, and the bending moments of strut-2 and
strut-3 are the same. Simple geometric analysis gives the expres-
sion of the rotation angle of the plastic hinge by the nominal strain
increment of the unit cell, De^c.
h1 þ h2 ¼ p2  arcsin ð1620De^cÞ
2
171  85171
h i
;
/1 þ /2 ¼ p2  arcsin ð3240De^cÞ
2
459  565459
h i
:
ð19Þ
The work done by the force is equal to the plastic energy dissipation
required by this collapse mechanism, leading to
2M1ðh1 þ h2Þ þ 4M2ð/1 þ /2Þ ¼ PD: ð20Þ
Since the cell wall is now subjected to loads of both bending and
compression, the interaction between bending moment and axial
force should be taken into account. For the cell walls of rectangular
section, the bending moment is reduced by the compression force,
Mi ¼ MPi 1 Pﬃﬃﬃ
6
p
NPi
 2" #
i ¼ 1;2; ð21Þ
where MP1 ¼ bh
2rYc
4 ; MP2 ¼ 2
ﬃﬃ
3
p
3 Mp1 and NP1 ¼ NP2 ¼ bhrYc .
Substituting Eqs. (19) and (21) into Eq. (20) leads to
k
h
l
 2
P2 þ 6
ﬃﬃﬃ
6
p
P  96k ¼ 0; ð22Þ
where k is given by k ¼ 1De^c ðh1 þ h2Þ þ 4
ﬃﬃ
3
p
3 ð/1 þ /2Þ
h i
and P is nor-
malized by P ¼ 4Pl
bh2rYc
.
The nominal compression stress can be derived by solving Eq.
(22), i.e.,
r^c ¼ bh
2
2
ﬃﬃﬃ
3
p
l3
PrYc ¼
2
3
 l
kh
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l
kh
 2
þ 1
s2
4
3
5qcrYc : ð23Þ
When the nominal strain increment De^c reaches about 0.13, the
middle plastic hinges of the struts become contact with the front
face sheet. At the end of Step II, the nominal stress and nominal
strain are ðr^cÞII  0:27qcrYc and ðe^cÞ II  0:33.
3.2.3. Step III: Densiﬁcation of pyramid core
In this step, the nominal strain of the lattice core is in the range
of ðe^cÞII < e^c 6 e^Dc . For simplicity, the complicated deformation
mechanisms in this step, such as plastic buckling, contact of the
struts with face sheet, are neglected. The lattice core is regarded
as linear-hardening homogenous material. The nominal stress of
lattice core can be given by
r^c ¼ qcrYc
1
1 e^Dc
e^c
e^Dc
: ð24Þ
Now, the compression model of the lattice core is derived. This
model is used to predict the experiment result of pyramid lattice
core under gas gun loading, and good agreement is obtained with
the prediction compared to the experiment result and numerical
simulation, as shown in Fig. 6.
The kinematic energy dissipated by plastic deformation of the
lattice core can be expressed by
Uc ¼ 4
Z L
0
Z y
y
Z Wf =hc
0
r^chcde^cdxdy: ð25ÞBy substituting Eqs. (15) and (25) into Eq. (16), and solving the
equation, the deﬂection of the front face sheet and the compression
of the lattice core can be derived.
We now introduce the non-dimensional parameters for the
sandwich plate,
hc ¼ hcL ;
hf ¼ hfhc ; W
o
II ¼
WoII
hc
: ð26Þ
When WoII 6 0:2, no buckling occurs in the lattice core, and Eq. (25)
can be simpliﬁed as
Uc ¼ a2WoIIð1þ 0:5a1Þ; ð27Þ
where a2 ¼ 89 L2qcrYc hc and the normalized maximum deﬂection of
the front face sheet is given by
WoII ¼
UlostII
a2ð1þ 0:5a1Þ : ð28Þ
When 0:2 < WoII 6 0:33, buckling occurs in the lattice core, but the
compression does not reach the densiﬁcation step. The loss of
dissipated energy due to the buckling of lattice core can be well
estimated by a quadratic function, and Eq. (25) can be simpliﬁed as
Uc ¼ a2 WoII 
a1
2
WoII
 2  1:4WoII þ 0:04h in o ð29Þ
and the normalized maximum deﬂection of the front face sheet is
given by
WoII ¼ a11 þ 0:7
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a11 þ 0:7
 2  2 0:02þ UlostII
a1a2
 !vuut : ð30Þ
When 0:33 < WoII 6 e^Dc , the compression of the lattice core enters
the densiﬁcation stage, where we take e^Dc ¼ 0:75 based on experi-
mental measurement. The increase of dissipated energy due to
the densiﬁcation of lattice core can also be well estimated by a
quadratic function, and Eq. (25) can be approximately simpliﬁed as
Uc ¼ a24 ð8 a1Þ W
o
II
 2  1:28 0:66a1ð ÞWoII þ ð0:87þ 0:52a1Þh i
ð31Þ
and the normalized maximum deﬂection of the front face sheet is
given by
WoII ¼
0:64 0:33a1
8 a1
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:64 0:33a1
8 a1
 2
 0:87þ 0:52a1  4U
lost
II =a2
8 a1
s
: ð32Þ
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Fig. 7. Comparison of the maximum deﬂections of back face sheet based on two
assumptions.
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After experiencing the stage I and stage II, the lattice sandwich
has a common velocity ﬁeld and non-uniform thickness due to
the non-uniform compression of the lattice core. The response of
sandwich plate is dominated by transverse bending and longitudi-
nal stretching and the sandwich plate can be considered as a mono-
lithic one. The Jones’ model (Jones, 1971) described in Appendix A is
employed to analyze the deformation of the lattice sandwich.With-
out pressure loading, the energy equilibrium equation reduces to

Z
A
m€w _wdA ¼
X8
n¼1
Z
ln
ðNwMÞ _hndln: ð33Þ
The relative angular rotation across a hinge line is
h ¼
wo
L ; at clamped edges;ﬃﬃ
2
p
wo
L ; at diagonal lines:
(
ð34Þ
The exact maximum normal stress yield locus of sandwich plate is
proposed by Qiu et al. (2004), i.e.,
M
M0
				
				þ NN0
				
				 ¼ 1: ð35Þ
Accordingly, the plastic bending moment of the sandwich plate is
given by
M0 ¼ rYf hf ðhf þ hc W IIÞ þ
qcrYc hc
4
ðhc W IIÞ ð36Þ
and the plastic membrane force is given by
N0 ¼ 2rYf hf þ qcrYc ðhc W IIÞ: ð37Þ
An approximate circumscribing square yield locus is adopted here.
Following the analysis as detailed in Jones (1971), the normalized
maximum deﬂectionWo and structural response time T of the sand-
wich can be derived, i.e.,
Wo ¼ W
o
2hf þ hc ¼
b1
2hcð2þ hf Þb2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4ð2þ lÞ
3b2I2
3ð3þ lÞ2b21
s
 1
" #
ð38Þ
and
T ¼ T
L
ﬃﬃﬃﬃﬃﬃ
rYf
qf
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2þ l
12b2
s
tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2þ lÞb2
3
r
2þ l
3þ l
 
2I
b1
 !
; ð39Þ
where b1 ¼ 4 1þ hf  0:25WoII
 hc þ qcrYc hcrY
f
hf
1 0:25WoII
 
; I ¼
I
ð2mfþmcÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rY
f
=qf
p and b2 ¼ 1þ qcrYc2rY
f
hf
1 2WoII=3
 
.
If the inscribing yield locus is chosen, the normalized maximum
deﬂection Wo and structural response time T turn to be
Wo ¼ W
o
2hf þ hc ¼
b1
2hcð2þ hf Þb2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 8ð2þ lÞ
3b2I2
3ð3þ lÞ2b21
s
 1
" #
ð40Þ
and
T ¼ T
L
ﬃﬃﬃﬃﬃﬃ
rYf
qf
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2þ l
6b2
s
tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð2þ lÞb2
3
r
2þ l
3þ l
 
2I
b1
 !
ð41Þ
respectively.
3.4. Comparison of experiment measurements and analytical
predictions
The maximum back face deﬂection of the square lattice sand-
wich plate under impulsive loading is predicted by the proposed
analytical model, where the material parameters and geometryof face sheet and lattice core are the same as experimental speci-
mens. The normalized predictions using the circumscribing and
inscribing yield locus are both derived and compared with experi-
ment results to validate the analytical model, as shown in Fig. 7.
Jones’ research (1989) indicates that the predictions using cir-
cumscribing yield locus provide a lower bound of the exact solu-
tion, while the predictions using inscribing yield locus provide an
upper one. It can be seen that the experiment points are distrib-
uted between the two prediction lines, which implies the effective-
ness of the analytical model in predicting the dynamic response of
lattice sandwich plates under impulsive loading.
When the transverse deﬂection of the sandwich plate is less than
its total thickness, bending is the governing mechanism of the
dynamic response. As the transmitted impulse increases to a higher
level, the deﬂection exceeds the total thickness of the sandwich
plate, and membrane stretching becomes the dominated deforma-
tion mechanism. This conclusion is well illustrated by the compar-
ison of experiment measurements and analytical predictions. As
shown in Fig. 7, the predictions using inscribing yield locus is much
closer with the experimental results at lower transmitted impulses,
while at higher transmitted impulses using circumscribing locus
gives better predictions.
4. Conclusions
The dynamic response of the lattice sandwich structures is
investigated theoretically in the present work. A structure defor-
mation mechanism based analytical model is proposed to predict
the deformation response of clamped square tetrahedral lattice
sandwich plates subject to air shock loading. Previous air blast
experiment results of tetrahedral lattice sandwich structure are
employed to validate the theoretical model.
The analytical model, considering the core structure deforma-
tion, is developed based on the three-stage framework of Fleck
and Deshpande (2004). The predicting impulses transmitted to
the sandwich structure agree well with the testing results in the
ﬂuid-structure interaction stage. In the second stage, the large
deformation effect of front face sheet is considered and the struc-
ture deformation of the lattice core is well captured. The analytical
nominal stress–strain curve of core compression agrees well with
the previous experiment results and ﬁnite element simulations
(Lee et al., 2006). Non-uniform thickness of the sandwich plate is
considered in the ﬁnal stage. The lower and upper bound of the
maximum permanent deﬂection are predicted by using an approx-
imate circumscribing and inscribing yield locus, respectively. Good
agreement between the prediction and testing results illustrate the
validity of the analytical model.
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are also acknowledged.Appendix A. The approximate theoretical procedure of Jones
In Jones’ model (Jones, 1971), the combined effect of bending
and stretching is considered, and the analysis is based on the prin-
ciple of energy rate balance, which is governed by the following
equation:
Z
A
pf _wdA 
Z
A
m €w _wdA ¼
Xn
i¼1
Z
li
ðNwMÞ _w0dli þ
Z
A
ðM  NwÞ _w00dA: ðA-1Þ
Based on Jones’s assumption, the initial energy transmitted to the
front face sheet is all dissipated by the plastic hinge lines, so the
second term on the right side of Eq. (A-1) vanishes. Since a square
plate is divided into four rigid regions separated by eight straight
line hinges (ﬁnally located at the four clamped edges and four diag-
onal lines), with the i-th hinge line having length li, the energy equi-
librium reduces to the following equation:
Z
A
pf _wdA
Z
A
m€w _wdA ¼
X8
i¼1
Z
li
ðNwMÞ _hidli: ðA-2Þ
It is convenient to deﬁne
Di ¼ ðNwMÞ _hi: ðA-3Þ
Clearly, the dissipation rate function Di depends on the type of sup-
ports at the boundary of the plate as well as the yield condition
selected.
The exact maximum normal stress yield locus of a monolithic
structure is described by the following well known equation,0
M
M
Fig. A-1. Sketches of the exact, inscribing and circumscribing yield loci of the sandwich an
loads.jMj
M0
þ N
N0
 2
¼ 1 ðA-4Þ
with M0 ¼ rYf h2f =4; N0 ¼ rYf hf .
When an approximate circumscribing square yield locus
(sketched in Fig. A-1) is adopted, given by
jMj ¼ M0;
jNj ¼ N0;
ðA-5Þ
the corresponding dissipation relation for a clamped plate can be
derived, i.e.,
Di ¼ M0 1þ 4whf
 
_hi: ðA-6Þ
Here, the dynamic spread of plastic hinges is ignored, while eight
plastic hinges located at four clamped edges and four diagonal lines
are considered. Based on Eqs. (A-1) and (A-3), and solving the asso-
ciated nonlinear differential equation approximately, the maximum
permanent deﬂection of a monolithic square plate was obtained by
Jones.
Appendix B. Estimation of the center velocity of the sandwich
plate at the end of Stage II
In Stage II, the energy dissipated by the face sheets is much less
than that dissipated by the lattice core, and hence be neglected in
the following analysis.
Following the small displacement analysis of Symonds (1954),
for the front face sheet, the central portion of the plate P0 translates
at the velocity vwhile other parts at each end rotate about the sup-
ports, as shown in Fig. B-1. The plastic hinges at the supports are
stationary and the inner plastic hinges are travelling towards the
center of the plate. When the travelling plastic hinges arrive at
the center, the velocity proﬁle becomes the same as the displace-
ment proﬁle shown in Fig. 4. During this period, the motion of
the central point is governed by
qf hf €w
o ¼ r^c: ðB-1Þ0
N
N
d monolithic plate. Here,M0 and N0 are the fully plastic bending moments and axial
Fig. B-1. Velocity proﬁle of the front face in Stage II.
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are the same as the displacement proﬁle shown in Fig. 4, and the
motion equation is given byZ
A
m€w _wdA ¼
Z
A
r^c _wdA: ðB-2Þ
The above equation can be simpliﬁed as
ð1þ lÞqf hf €wo ¼ 2r^c: ðB-3Þ
The initial velocity of front face sheet and back face sheet are V0 and
0 respectively. By using Eqs. (B-1) and (B-3), the common velocity
can be derived,
VoII ¼
2
3þ l
I
mf
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